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Rn = {x = (x1,x2, . . . ,xn
)
: xi ∈R, 1≤ i≤ n
}
. (1.1)































where Ωn,λ is the n-dimensional unite λ-sphere of Rn which is dependent on the λ-
distance. The λ-distance between points x = (x1, . . . ,xn) and y = (y1, . . . , yn) is defined
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where x, y ∈Ωn,λ, λ = (λ1,λ2, . . . ,λn), λk > 0, k = 1,2, . . . ,n, |λ| = λ1 + λ2 + ···+ λn. Note







)|λ|/n = t|λ|/n|x|λ. (1.4)
This equality give us that nonisotropic λ-distance is the order of a homogeneous function
|λ|/n. So the nonisotropic λ-distance has the following properties:
(1) |x|λ = 0⇔ x = θ,
(2) |tλx|λ = |t||λ|/n|x|λ,
(3) |x+ y|λ ≤ 2(1+1/λmin)|λ|/n(|x|λ + |y|λ).




)2λ1 , . . . ,xn =
(
ρ sinθ1 sinθ2 ···sinθn−1
)2λn . (1.5)
We obtained that |x|λ = ρ2|λ|/n. It can be seen that the Jacobian Jλ(ρ,ϕ) of this transforma-
tion is Jλ(ρ,θ)= ρ2|λ|−1Wλ(θ), whereWλ(θ) is the bounded function, which only depends
on angles θ1,θ2, . . . ,θn−1. It is clear that if λ1 = λ2 = ··· = λn = 1/2, then the λ-distance is
the Euclidean distance.
We define angle
cos|x− y|λ = x · y, (1.6)
where x and y are vectors on the n-dimensional unite λ-sphere.
For f ∈ L(Ωn,λ), 0 < α(x) < n, we will consider the following nonisotropic spherical




|x− y|α(x)−nλ f (y)dy, x ∈Ωn,λ. (1.7)
The aim of this paper to show that the well-known properties of classical Riesz poten-
tials may be formulated for our generalization (1.7).Wewill study the (p,q)-boundedness
of operators (1.7). Note that our results are the generalization of corresponding results
for classical Riesz potentials, given in [11]. The important properties of the nonisotropic
Riesz potentials and theirs generalizations were studied by many authors. We refer to pa-
pers [1–9, 12]. The nonisotropic spherical Riesz potential generated by λ-distance is the
classical Riesz potential for λi = 1/2, i = 1,2, . . . ,n and α(x) = α. Here particular impor-
tance of the nonisotropic kernel is that it does not have the classical triangle inequality.
It is well known that the classical Riesz potentials Iαϕ= ϕ∗|x|α−n are bounded oper-
ators from Lp(Rn) to Lq(Rn) for 1/q = 1/p−α/n, 0 < α < n, 1≤ p < q <∞ [10].
Lemma 1.1. Let Jλ(x)=
∫
Ω1n,λ
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≤ ∥∥ f ∥∥Lr (Ω2n,λ)k1k2. (1.9)




f p(1/p−1/μ)(x) f p/μ(x)Kq(1/q−1/ν)(x, y)Kq/ν(x, y)dy. (1.10)














Since we want to have f p and Kq in the integrand above, we note that we can choose λ,


























With these choices of λ, μ and ν, we can rewrite expression last inequality,
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≤ ‖ f ‖Lp(Ω1n,λ)k1k2.
(1.16)

Theorem 1.2 (Riesz-Therin interpolation theorem, [13]). Suppose T is simultaneously of
weak types (p0,q0) and (p1,q1), 1 ≤ pi,qi ≤∞. If 0 < t < 1 and 1/pt = (1− t)/p0 + t/p1,
1/qt = (1− t)/q0 + t/q1, then T is of type (pt,qt), and
‖T‖(pt ,qt) ≤ ‖T‖1−t(p0,q0)‖T‖t(p1,q1). (1.17)
The following theorem gives the condition of absolute convergence of the potential
Iα(x)λ f .
Theorem 1.3. Let 0 < m ≤ α(x) < n, f ∈ L1(Ωn,λ). Then the integral (1.7) is absolutely
convergent for almost every x.





































































































































dy ≤M‖ f ‖1 <∞.
(1.18)
The proof is completed. 
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p ≤M‖ f ‖p, (1.19)
where the constant M is dependent on λ, m, and n.
Proof. Let











p ≤M‖ f ‖p. (1.21)






















































































































































The proof is completed. 
The following theorem is an expanded form of Theorem 1.4.






r ≤M‖ f ‖p, (1.23)
where the constant M is dependent on λ, m, and n.
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Proof. Let q = pr/(pr + p− r), 1/q + 1/q′ = 1. We show that Iα(x)λ f is of type (1,q) and



































































































































dy ≤M‖ f ‖1.
(1.24)
Thus the last integral is convergence where
pr













(n−m)q+1− 2|λ| < 1.
(1.25)



































∥∞ ≤M‖ f ‖q′ . (1.27)
This shows that Iα(x)λ f is of type (q
′,∞).
Let t = q(1−1/p), then fromTheorem 1.2, Iα(x)λ f is of type (p,r) where 1/p=(1−t)/1+
t/q′, 1/r = (1− t)/q′. The proof is completed. 
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Theorem 1.6. Let 0 <m≤ α(x) < n, 1 < p < r, n/p−n/r =m. Then Iα(x)λ f is of type (p,r).
Proof. Firstly, for a constantm we will consider the α(x)=m. Thus, by using Lemma 1.1





r < M‖ f ‖p. (1.28)




y ∈Ωn,λ : |x− y|λ ≥ 1
}











































∥M′‖ f ‖p + Imλ f (x)
∥
∥






≤M′‖ f ‖p +M‖ f ‖p = C‖ f ‖p.
(1.31)
Thus Iα(x)λ f is of type (p,r).
The proof is completed. 
References
[1] O. V. Besov, V. P. Il’in, and P. I. Lizorkin, “The Lp-estimates of a certain class of non-isotropically
singular integrals,” Doklady Akademii Nauk SSSR, vol. 169, pp. 1250–1253, 1966.
[2] I˙. C¸ınar, “The Hardy-Littlewood-Sobolev inequality for non-isotropic Riesz potentials,” Turkish
Journal of Mathematics, vol. 21, no. 2, pp. 153–157, 1997.
[3] I˙. C¸ınar and H. Duru, “The Hardy-Littlewood-Sobolev inequality for (β,γ)-distance Riesz po-
tentials,” Applied Mathematics and Computation, vol. 153, no. 3, pp. 757–762, 2004.
[4] A. D. Gadjiev and O. Dogru, “On combination of Riesz potentials with non-isotropic kernels,”
Indian Journal of Pure and Applied Mathematics, vol. 30, no. 6, pp. 545–556, 1999.
[5] M. Z. Sarikaya and H. Yıldırım, “The restriction and the continuity properties of potentials
depending on λ-distance,” Turkish Journal of Mathematics, vol. 30, no. 3, pp. 263–275, 2006.
[6] M. Z. Sarikaya andH. Yıldırım, “On the β-spherical Riesz potential generated by the β-distance,”
International Journal of Contemporary Mathematical Sciences, vol. 1, no. 2, pp. 85–89, 2006.
[7] M. Z. Sarikaya and H. Yıldırım, “On the non-isotropic fractional integrals generated by the λ-
distance,” Selc¸uk Journal of Applied Mathematics, vol. 7, no. 1, pp. 17–23, 2006.
[8] M. Z. Sarikaya and H. Yıldırım, “On the Hardy type inequality with non-isotropic kernels,”
Lobachevskii Journal of Mathematics, vol. 22, pp. 47–57, 2006.
[9] M. Z. Sarikaya, H. Yıldırım, and U. M. Ozkan, “Norm inequalities with non-isotropic kernels,”
International Journal of Pure and Applied Mathematics, vol. 31, no. 3, pp. 337–344, 2006.
[10] E. M. Stein, Singular Integrals and Diﬀerentiability Properties of Functions, Princeton Mathemat-
ical Series, no. 30, Princeton University Press, Princeton, NJ, USA, 1970.
8 Journal of Inequalities and Applications
[11] Z. Zhou, Y. Hong, and C. Z. Zhou, “The (p,q)-boundedness of Riesz potential operators of
variable order on a sphere,” Journal of South China Normal University, no. 2, pp. 20–24, 1999
(Chinese).
[12] H. Yıldırım, “On generalization of the quasi homogeneous Riesz potential,” Turkish Journal of
Mathematics, vol. 29, no. 4, pp. 381–387, 2005.
[13] C. Sadosky, Interpolation of Operators and Singular Integrals, vol. 53 ofMonographs and Textbooks
in Pure and Applied Math., Marcel Dekker, New York, NY, USA, 1979.
Mehmet Zeki Sarikaya: Department of Mathematics, Faculty of Science and Arts,
Kocatepe University, 03200 Afyon, Turkey
Email address: sarikaya@aku.edu.tr
Hu¨seyin Yildirim: Department of Mathematics, Faculty of Science and Arts,
Kocatepe University, 03200 Afyon, Turkey
Email address: hyildir@aku.edu.tr
